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Chapter 8.1: Discrete Least Squares Approx \y
2
w

Let a1 x; + apg denote the ith value on the approximating line and
y; be the jth given y-value.

Assume that the independent variables, x;, are exact and the
dependent variables, the y;, are suspect.

Problem: Find the equation of the best linear approximation to
the data {(x;, i) }Z4-
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Minimax Problem

This approach requires that values of ag and a; be found to minimize

Eo(@0, a1) = max {|y; — (&1 X + a)|}-

DRAWBACK: assigns too much weight to a bit of data that is badly in
error.

Absolute Deviation Problem
This approach requires finding values of ag and a; to minimize

m

Ei(ao, ar) = Z yi — (a1 Xi + ao)|.

=1

DRAWBACK: does not give sufficient weight to a point that is
considerably out of line with the approximation.
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Chapter 8.1: Discrete Least Squares Approx

NOTE

To minimize a function of two variables, we need to set its
partial derivatives to zero and simultaneously solve the
resulting equations. In the case of the absolute deviation, we
need to find ag and a; with

0 — 0 —
> lyi—(aixi+a)| and 0= 7 > lyi—(a1Xi+ao)|-

0=
0&g i—1 i—1

ISSUE: Absolute-value function is not differentiable at zero, and
we might not be able to find solutions to this pair of equations.

v
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Least Squares Problem

This approach involves determining the best approximating line when error
involved is the sum of the squares of the differences between the y-values on
the approximating line and the given y-values. Hence, constants ay, and ay
must be found that minimize the least squares error:

Ex(ao, a1) = Z lyi — (a1x; + &))" .

i=1

Taking partial derivatives with respect to a; and a; leads to a system of
equations with solution

_ S XE Y Vi = o XY Yo X
m (27;1 Xiz) o (2,21 Xi)2

and . . .
_ MY g XiVi— D g Xi D iy Vi

m (S0 %) — (S %)’

a




Chapter 8.1: Discrete Least Squares Approx \y\
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Polynomial Least Squares Problem

The general problem of approximating a set of data,
{(xi,yi)) | i=1,2,...,m}, with an algebraic polynomial

Po(Xx) = anx" + ap_1x" 1 + - + ayx + ay,

of degree n < m — 1, using the least squares procedure is
handled similarly. We choose the constants ag, ai, ..., a, to
minimize the least squares error E = E>(ag, a1, - - -, an), where

m
E — Z — Pu(x7))
=1
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Exponential Least Squares Problem

At times it is appropriate to assume that the data are
exponentially related. This requires the approximating function
to be of the form

y = be?, or y=bx?

for some constants a and b. The difficulty with applying the
least squares procedure in a situation of this type comes from
attempting to minimize

m m
E=) (yi—be™)?, or E=) (yi— bxf).
=1 i=1
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Chapter 8.2: Orthogonal Polyn. and Les
Squares Approx

Definition (8.1)

The set of functions {¢y, ..., ®n} is said to be linearly
independent on [a, b] if, whenever

Codo(X) + C1o1(X) + -+ -+ chon(x) =0, forall x € [a, b],

we have ¢ = ¢4 = --- = ¢, = 0. Otherwise the set of functions
IS said to be linearly dependent.

Theorem (8.2)

Suppose that, foreachj = 0,1,...,n, ¢;(x) is a polynomial of
degree j. Then {¢o, ..., ¢n} is linearly independent on any
interval [a, b].

y
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Squares Approx §
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Theorem (8.3)

Suppose that {pg(x), d1(Xx), ..., on(x)} is a collection of linearly
independent polynomials in ] [,. Then any polynomial in|],
can be written uniquely as a linear combination of ¢g(x), ¢1(X),

ey On(X).

4

Definition (8.4)

An integrable function w is called a weight function on the
interval [ if w(x) > 0, for all x in /, but w(x) = 0 on any
subinterval of /.
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Chapter 8.2: Orthogonal Polyn. and Les

Squares Approx

Definition (8.5)

{d0,01,...,0n} is said to be an orthogonal set of functions
for the interval [a, b] with respect to the weight function w if

0, when j # k,
j >0, whenj=k.

b
/a w(x) bk (X)i(x) dx—{

If, in addition, a; = 1 foreach j = 0,1,..., n, the set is said to
be orthonormal.
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Theorem (8.6)

If{o9,...,0n} is an orthogonal set of functions on an interval
[a, b] with respect to the weight function w, then the least
squares approximation to f on [a, b] with respect to w is

PO) =3 ae;(x),
j=0

where, foreachj=0,1,....n,

P a1
T P w2 dx

w(x)oj(x)f(x) dx.

Oéja

| Numerical Analysis 10E



Chapter 8.2: Orthogonal Polyn. and Les

Squares Approx

Theorem (8.7)

The set of polynomial functions {¢o, ¢1, ..., ®on} defined in the following way
Is orthogonal on [a, b] with respect to the weight function w.

po(x) =1, ¢1(x)=x— By, foreach x in|a,b] where
_ J7xw(x)lgo(x)] dx

[ w(x)[o(x)]? dx
dk(X) = (X — Bx)opk—1(x) — Ckok—2(x), foreach x in [a, b] where

Bi and when k > 2,

L2 xw () [k (X)]P dx
2w k1 (X)) dx
7 W) @1 (X) 2 (x) X

2 w(X)[pr—2(X)? dx

By and

Ci

v
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Chapter 8.2: Orthogonal Polyn. and Les

Squares Approx

Corollary (8.8)

For any n > 0, the set of polynomial functions {¢q, ..., ¢n}
given in Theorem 8.7 is linearly independent on |a, b] and

b
/ w(x)én(X)Qk(X) dx = O,

for any polynomial Q(x) of degree k < n.
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Chapter 8.3: Chebyshev Polynomials, Econgss
mization of Power Series §

NOTE

The Chebyshev polynomials {7,(x)} are orthogonal on (—1,1)
with respect to the weight function w(x) = (1 — x2)~1/2
For x € [—1, 1], define

Th(x) = cos[narccos x|, foreach n> 0.

For each n, T,(x) is a polynomial in x.
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mization of Power Series Wﬁy
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Theorem (8.9)

The Chebyshev polynomial T,(x) of degree n > 1 has n simple
zeros in [—1,1] at

2k — 1
2N

)‘(k:cos( 77), foreachk =1,2,...,n.

Moreover, T,(x) assumes its absolute extrema at

X, = COS (k—;) with  Ta(X:) = (=1)*,
foreach k=0,1,...,n.
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mization of Power Series

The monic (polynomials with leading coefficient 1) Chebyshev
polynomials T,(x) are derived from the Chebyshev
polynomials T,(x) by dividing by the leading coefficient 271,
Hence

-~ ~ 1
To(x) =1 and Tph(x)= Sn=

The recurrence relationship satisfied by the Chebyshev
polynomials implies that

Th(x), foreachn>1.

To(x) = xTi(x)—=To(x) and

7'n+1(X) = X7'n(x)—— n_1(x), foreachn> 2.

v
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Chapter 8.3: Chebyshev Polynomials, Econg

Theorem (8.10)

The polynomials of the form 7~',,(x), when n > 1, have the property
that
1 N —
o7 = Mmax. | Th(x)] < X Po(x)]. forall Pa(x) e ]] .

where ﬁn denotes the set of monic polynomials of degree n.
Moreover, equality occurs only if P, = T,.

N

mization of Power Series \w

Corollary (8.11)

Suppose that P(x) is the interpolating polynomial of degree at most n
with nodes at the zeros of T, 1(x). Then for each f € C"1[—1,1]

.
max |f(x) — P(x)| < f+1) (x|
xe[_a1)f1] ’ (X) (X)’ - 2”(n+ 1)! x€n[1—a1)f1] | (X)’

v
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Chapter 8.4: Rational Function Approximatio

To obtain the rational approximation

o) = 220 Sl o Pix!

gq(x) erlo qjX!

for a given function f(x):
INPUT nonnegative integers m and n.

OUTPUT coefficients qg, g1, ...,9m and pg, P1, - - ., Pn.

Step1Set N=m+ n.
. f((0)
Step2Fori=0,1,...,Nset g = o
(The coefficients of the Maclaurin polynomial are
&, - - ., an, which could be input instead of calculated.)

v
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Chapter 8.4: Rational Function Approximatio

Step 3 Set qp = 1;
Po = ao.
Step4 Fori=1,2,...,N do Steps 5-10.
(Set up a linear system with matrix B.)
StepS5Forj=1,2,...,i—1
if j < nthenset b;; = 0.
Step6 If i < nthensetb;; =1.
Step7Forj=i+1,i+2,...,Nsetb;; =0.
Step8Forj=1.2,...,i
if j < mthenset b; nyj = —ai_;.
Step9Forj=n+i+1,n+i+2,...,Nsetb;; =0.
Step 10 Set b y+1 = a;.
(Steps 11-22 solve the linear system using partial pivoting.)

y
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Chapter 8.4: Rational Function Approximatio

Stepi11 Fori=n+1,n+2,...,N— 1 do Steps 12—18.
Step 12 Let k be the smallest integer with / < kK < N and
Dk i| = maxi<j<n |bj,il.
(Find pivot element.)
Step 13 If bx ; = 0 then OUTPUT
(“The system is singular ”);
STOP.
Step 14 If k # ithen  (Interchange row i and row k.)
forj=1i,i+1,...,N+ 1 set

bcory = bij;
bij = b
bk, = bcory

Stepi15Forj=i+1,i+2,...,N do Steps 16—18.
(Perform elimination.)

y
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Chapter 8.4: Rational Function Approximatio

Step 16 Set xm = %
ii
Stepi17Fork=i+1,i+2,...,N+1
set bj,k = bj,k — Xm - b,',k.
Step 18 Set b; ; = 0.

Step 19 If by y = 0 then OUTPUT (“The system is singular”);
STOP.
Step 20 If m > 0 then set g, = ON, N .

bn. N

(Start backward subs.)

bi,N+1 — Zjl\im bi jQi—n
b; i '
Step22 Fori=nn—-1,...,1setpi=bin+1 — Zj’inH bi jQi—n-
Step 23 OUTPUT (qo, g1, ---,9m, Po, P1, - - - Pn);
STOP. (The procedure was successful.)

Step21 Fori=N—-1,N—-2,....n+1,qi_p=

v
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Chapter 8.4: Rational Function Approximatio

To obtain the rational approximation

> ko Pk Tk(X)
> ko Gk Tk(X)

I’T(X) =

for a given function f(x):

INPUT nonnegative integers m and n.

OUTPUT coefficients qo, g1, ...,9m and po, p1, ..., Pn.
Step1Set N=m+ n.

Step 2 Set ay = 2 [ f(cos 6) db;

( The coefficient aq Is doubled for computational
efficiency.

v
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Chapter 8.4: Rational Function Approximatio

Fork=1,2,..., N+ m set
ax = 2 [ f(cos 6) cos k6 db.
( The integrals can be evaluated using a numerical
integration procedure or the coefficients can be input )
directly.)
Step 3 Set gy = 1.
Step4 Fori=0,1,..., N do Steps 5-9.
(Set up a linear system with matrix B.)
Step5Forj=0,1,...,iifj <n,thenset b; =0.
Step6 If i < nthensetb;; =1.
Step7Forj=i+1,i+2,...,nsetb;; =0.
Step8Forj=n+1,n+2,...,N
if i = 0 then set b;; = —(aitj—n+ @ji_j1n|)
else set bjj = —5aj_n.

o
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Chapter 8.4: Rational Function Approximatio

Step 9 If i # 0 then set bj n11 = a;
else set bi n1 = 5a;.
(Steps 10-21 solve the linear system using partial pivoting.)
Step10Fori=n+1,n+2,...,N—1do Steps 11-17.
Step 11 Let k be the smallest integer with i < kK < N and

bk i| = max;<j<n|bji|l- (Find pivot element.)
Step 12 If bx ; = 0 then OUTPUT (“The system is singular”);
STOP.

Step 13 If kK # i then  (Interchange row i and row k.)
forj=1i,i+1,...,N+ 1 set

bcory = b j;
bi j = D ji
bk j = bcopy-

y
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Chapter 8.4: Rational Function Approximatio

Step14Forj=i+1,i+2,...,N do Steps 15-17.
(Perform elimination.)
Step 15 Set xm = %
ii
Step16Fork=i+1,i+2,....N+1
set bj}k = bj,k — Xm - b,’)k.
Step 17 Set b; ; = 0.
Step 18 If by v = 0 then OUTPUT (“The system is singular”); STOP.

Step 19 If m > 0 then set g, = bg”N“ . (Start backward subs.)
N,N
bi N1 — Zjlii+1 bi jQj—n

Step20Fori=N—-1,N—-2,....n+1,setqg,_, =

b |
Step21 Fori=nn—-1,...,0set pi = bjn+1 — Zj'inH bi jQi—n-
Step 22 OUTPUT (qo, g1, ---,9m, Po, P1,---,Pn); STOP. (successful.)

v
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Chapter 8.5: Trigonometric Polynomial Appr

mation

Lemma (8.12)
Suppose that the integer r is not a multiple of 2m. Then

2m—1 2m—1
» > cosrx;=0 and ) sinrx;=0.
j=0 /=0
Moreover, if r is not a multiple of m, then
2m—1 2m—1
> > (cosr)?=m and > (sinrx)®=m.
j=0 /=0
where

Xj = —7+ (#)w, foreachj=0,1,...,2m—1.
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Chapter 8.5: Trigonometric Polynomial Appr

mation

Theorem (8.13)

The constants in the summation

n—1
+a,CoS NX + Y (@ COS KX + by sin kx)
k=1

do

Sn(x) = 5

that minimize the least squares sum

2m—1

E(ao, ..., anb1,....bo1) = > (¥ — Sa(x))* are
=0

2m—1

1

> ak:EZyjcoskxj, foreachk =0,1,...,n, and
/=0

2m—1
Z yjsinkx;, foreach k=1,2,...,n—1.
j=0

y

> b= —
m

v
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Chapter 8.6: Fast Fourier Transforms ﬂ\
P~

To compute the coefficients in the summation

. 2m—1 . 2m—1
— c e = — Ck(COS kx + /sin kx where | = v/ —1

for the data {(x;, y;)}77y ' where m = 2P and x; = —x + jm/m
forj=0,1,....2m— 1:

INPUT m, p; Yo, Y1,---,Yom—1-

OUTPUT complex numbers ¢y, ..., com_1; real numbers
ao,...,am;b1,...,bm_1.

| Numerical Analysis 10E



Chapter 8.6: Fast Fourier Transforms

Step 1 Set M = m;
q=0Dp;
C:eﬂ'i/m.
Step2 Forj=0,1,....,2m—1set ¢; = ;.
Step3Forj=1,2,....M set & = ¢;
§M = —§)-
Step 4 Set K = 0;
§o = 1.
Step5ForL=1.2,...,p+ 1 do Steps 6—-12.
Step 6 While K < 2m — 1 do Steps 7-11.
Step7 Forj=1,2,..., M do Steps 8-10.

v
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Chapter 8.6: Fast Fourier Transforms

Step7 Forj=1,2,..., M do Steps 8-10.
Step 8 Let K =ky - 2P 4+ Ky 1 - 2P 4. 4 Ky - 24 ko;
(Decompose K.)
Sel Ki = K/29 = ky - 2P79 + .- + kg1 - 2 + Kg;
Ko=hkg-2°P + kg1 - 2P .+ ky - 29,
Step 9 Set n = ckméks;
CK+M = Ck — 1),
Ck = Ck + 1.
Step 10 Set K = K + 1.
Step 11 Set K = K + M.
Step 12 Set K = 0;
M=M/,2;
q=q-—1.

y
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Chapter 8.6: Fast Fourier Transforms

Step 13 While K < 2m — 1 do Steps 14—16.
Step 14 Let K = k- 2P + ky 1 - 2P~ + - + Ky - 2 + Ko;
(Decompose Kk.)
Setj:ko-2p+k1 -2’0_1 —|—---—|—kp_1 -2—1—kp.
Step 15 If j > K then interchange ¢; and c.
Step 16 Set K = K + 1.
Step 17 Set ag = ¢/ m;
am = Re(e~™¢c,,/m).
Step 18 Forj=1,...,m— 1 set a; = Re(e~'™¢;j/m);
bj = Im(e~"™c;/m).
Step 19 OUTPUT (cg, ..., Com—1;80,---,@m; b1,...,bm_1);
STOP.

v
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