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Chapter 11.1: Linear Shooting Method

Theorem (11.1)
Suppose the function f in the boundary-value problem

y ′′ = f (x , y , y ′), for a ≤ x ≤ b, with y(a) = α and y(b) = β,

is continuous on the set

D = { (x , y , y ′) for a ≤ x ≤ b, with −∞ < y <∞ and −∞ < y ′ <∞},

and that the partial derivatives fy and fy ′ are also continuous on D. If

(i) fy (x , y , y ′) > 0, for all (x , y , y ′) ∈ D, and

(ii) a constant M exists, with

|fy ′(x , y , y ′)| ≤ M, for all (x , y , y ′) ∈ D,

then the boundary-value problem has a unique solution.
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Chapter 11.1: Linear Shooting Method

Corollary (11.2)
Suppose the linear boundary-value problem

y ′′ = p(x)y ′ + q(x)y + r(x), for a ≤ x ≤ b,
with

y(a) = α and y(b) = β, satisfies

(i) p(x), q(x), and r(x) are continuous on [a,b],
(ii) q(x) > 0 on [a,b].

Then the boundary-value problem has a unique solution.

| Numerical Analysis 10E



3

Chapter 11.1: Linear Shooting Method

ALGORITHM 11.1 LINEAR SHOOTING
To approximate the solution of the boundary-value problem

−y ′′+p(x)y ′+q(x)y + r(x) = 0, for a ≤ x ≤ b, with y(a) = α and y(b) = β,

INPUT endpoints a,b; boundary conditions α, β; number of
subintervals N.

OUTPUT approximations w1,i to y(xi);w2,i to y ′(xi) for each
i = 0,1, . . . ,N.

Step 1 Set h = (b − a)/N;
u1,0 = α; u2,0 = 0; v1,0 = 0; v2,0 = 1.

Step 2 For i = 0, . . . ,N − 1 do Steps 3 and 4.
(Runge-Kutta method for systems used in Steps 3 & 4.)

Step 3 Set x = a + ih.
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Chapter 11.1: Linear Shooting Method

ALGORITHM 11.1 LINEAR SHOOTING
Step 4 Set k1,1 = hu2,i ;

k1,2 = h [p(x)u2,i + q(x)u1,i + r(x)];
k2,1 = h

[
u2,i +

1
2 k1,2

]
;

k2,2 = h
[
p(x + h/2)

(
u2,i +

1
2 k1,2

)
+q(x + h/2)

(
u1,i +

1
2 k1,1

)
+ r(x + h/2)

]
;

k3,1 = h
[
u2,i +

1
2 k2,2

]
;

k3,2 = h
[
p(x + h/2)

(
u2,i +

1
2 k2,2

)
+q(x + h/2)(u1,i +

1
2 k2,1) + r(x + h/2)

]
;

k4,1 = h [u2,i + k3,2];
+q(x + h/2)(u1,i +

1
2 k2,1) + r(x + h/2)

]
;

k4,2 = h [p(x + h)(u2,i + k3,2)

+q(x + h)(u1,i + k3,1) + r(x + h)];
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Chapter 11.1: Linear Shooting Method

ALGORITHM 11.1 LINEAR SHOOTING
u1,i+1 = u1,i +

1
6 [k1,1 + 2k2,1 + 2k3,1 + k4,1];

u2,i+1 = u2,i +
1
6 [k1,2 + 2k2,2 + 2k3,2 + k4,2];

k ′1,1 = hv2,i ;
k ′1,2 = h [p(x)v2,i + q(x)v1,i ];

k ′2,1 = h
[
v2,i +

1
2 k ′1,2

]
;

k ′2,2 = h
[
p(x + h/2)

(
v2,i +

1
2 k ′1,2

)
+q(x + h/2)

(
v1,i +

1
2 k ′1,1

)]
;

k ′3,1 = h
[
v2,i +

1
2 k ′2,2

]
;

k ′3,2 = h
[
p(x + h/2)

(
v2,i +

1
2 k ′2,2

)
+q(x + h/2)

(
v1,i +

1
2 k ′2,1

)]
;
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Chapter 11.1: Linear Shooting Method

ALGORITHM 11.1 LINEAR SHOOTING

k ′4,1 = h
[
v2,i + k ′3,2

]
;

k ′4,2 = h
[
p(x + h)(v2,i + k ′3,2) + q(x + h)(v1,i + k ′3,1)

]
;

v1,i+1 = v1,i +
1
6

[
k ′1,1 + 2k ′2,1 + 2k ′3,1 + k ′4,1

]
;

v2,i+1 = v2,i +
1
6

[
k ′1,2 + 2k ′2,2 + 2k ′3,2 + k ′4,2

]
.

Step 5 Set w1,0 = α;
w2,0 =

β−u1,N
v1,N

;

OUTPUT (a,w1,0,w2,0).
Step 6 For i = 1, . . . ,N

set W1 = u1,i + w2,0v1,i ; W2 = u2,i + w2,0v2,i ; x = a + ih;
OUTPUT (x ,W1,W2). (Output is xi ,w1,i ,w2,i .)

Step 7 STOP. (The process is complete.)
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Chapter 11.2: Shooting Method for Nonlinear
Problems

MOTIVATION
Shooting methods for nonlinear problems require iterations to
approach the “target”.
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Figure: Figure 11.3
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Chapter 11.2: Shooting Method for Nonlinear
Problems

Algorithm 11.2: NONLINEAR SHOOTING NEWTON’S
To approximate the solution of the nonlinear boundary-value problem

y ′′ = f (x , y , y ′), for a ≤ x ≤ b, with y(a) = α and y(b) = β :

INPUT endpoints a,b; boundary conditions α, β; number of
subintervals N ≥ 2; tolerance TOL; maximum number of iterations M.

OUTPUT approximations w1,i to y(xi); w2,i to y ′(xi) for each
i = 0,1, . . . ,N or a message that the maximum number of iterations
was exceeded.

Step 1 Set h = (b − a)/N;
k = 1;
TK = (β − α)/(b − a). (Note: TK could also be input.)
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Chapter 11.2: Shooting Method for Nonlinear
Problems

Algorithm 11.2: NONLINEAR SHOOTING NEWTON’S
Step 2 While (k ≤ M) do Steps 3–10.

Step 3 Set w1,0 = α;
w2,0 = TK ;
u1 = 0;
u2 = 1.

Step 4 For i = 1, . . . ,N do Steps 5 and 6.
(Runge-Kutta method for systems used in Steps 5 & 6.)

Step 5 Set x = a + (i − 1)h.
Step 6 Set k1,1 = hw2,i−1;

k1,2 = hf (x ,w1,i−1w2,i−1);

k2,1 = h
(
w2,i−1 +

1
2 k1,2

)
;

k2,2 = hf
(
x + h

2 ,w1,i−1 +
1
2 k1,1,w2,i−1 +

1
2 k1,2

)
;

k3,1 = h
(
w2,i−1 +

1
2 k2,2

)
;
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Chapter 11.2: Shooting Method for Nonlinear
Problems

Algorithm 11.2: NONLINEAR SHOOTING NEWTON’S
k3,2 = hf

(
x + h

2 ,w1,i−1 +
1
2 k2,1,w2,i−1 +

1
2 k2,2

)
;

k4,1 = h(w2,i−1 + k3,2);

k4,2 = hf (x + h,w1,i−1 + k3,1,w2,i−1 + k3,2);

w1,i = w1,i−1 + (k1,1 + 2k2,1 + 2k3,1 + k4,1)/6;

w2,i = w2,i−1 + (k1,2 + 2k2,2 + 2k3,2 + k4,2)/6;

k ′1,1 = hu2;

k ′1,2 = h[fy (x ,w1,i−1,w2,i−1)u1 + fy ′(x ,w1,i−1,w2,i−1)u2]

k ′2,1 = h
[
u2 +

1
2 k ′1,2

]
;

k ′2,2 = h
[
fy (x + h/2,w1,i−1,w2,i−1)

(
u1 +

1
2 k ′1,1

)
+fy ′(x + h/2,w1,i−1,w2,i−1)

(
u2 +

1
2 k ′1,2

)]
;
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Chapter 11.2: Shooting Method for Nonlinear
Problems

Algorithm 11.2: NONLINEAR SHOOTING NEWTON’S

k ′3,1 = h
(

u2 +
1
2 k ′2,2

)
;

k ′3,2 = h
[
fy (x + h/2,w1,i−1,w2,i−1)

(
u1 +

1
2 k ′2,1

)
+fy ′(x + h/2,w1,i−1,w2,i−1)

(
u2 +

1
2 k ′2,2

)]
;

k ′4,1 = h(u2 + k ′3,2);

k ′4,2 = h
[
fy (x + h,w1,i−1,w2,i−1)

(
u1 + k ′3,1

)
+fy ′(x + h,w1,i−1,w2,i−1)

(
u2 + k ′3,2

)]
;

u1 = u1 +
1
6 [k
′
1,1 + 2k ′2,1 + 2k ′3,1 + k ′4,1];

u2 = u2 +
1
6 [k
′
1,2 + 2k ′2,2 + 2k ′3,2 + k ′4,2].
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Chapter 11.2: Shooting Method for Nonlinear
Problems

Algorithm 11.2: NONLINEAR SHOOTING NEWTON’S
Step 7 If |w1,N − β| ≤ TOL then do Steps 8 and 9.

Step 8 For i = 0,1, . . . ,N
set x = a + ih; OUTPUT (x ,w1,i ,w2,i).

Step 9 (The procedure is complete.) STOP
Step 10 Set TK = TK − w1,N−β

u1
;

(Newton’s method used for TK.)

k = k + 1.
Step 11 OUTPUT (‘Maximum number of iterations exceeded’);

(Procedure unsuccessful.) STOP
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Chapter 11.3: Finite-Difference Methods for Lin-
ear Problems

Theorem (11.3)
Suppose that p, q, and r are continuous on [a,b]. If q(x) ≥ 0 on
[a,b], then the tridiagonal linear system below has a unique solution
provided that h < 2/L, where L = maxa≤x≤b |p(x)|.

Tridiagonal System
The system of equations Aw = b is expressed in the tridiagonal N × N matrix form

A =



2 + h2q(x1) −1 +
h

2
p(x1) 0 · · · 0

−1−
h

2
p(x2) 2 + h2q(x2) 1 +

h

2
p(x2)

. . .
.
.
.

0
. . .

. . .
. . . −1 +

h

2
p(xN−1)

0 · · · 0 1−
h

2
p(xN ) 2 + h2q(xN )


.
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Chapter 11.3: Finite-Difference Methods for Lin-
ear Problems

Tridiagonal System
where

w=


w1

w2
...

wN−1

wN

 , and b =



−h2r(x1) +

(
1 +

h
2

p(x1)

)
w0

−h2r(x2)
...

−h2r(xN−1)

−h2r(xN) +

(
1 − h

2
p(xN)

)
wN+1


.
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Chapter 11.3: Finite-Difference Methods for Lin-
ear Problems

Algorithm 11.3: LINEAR FINITE-DIFFERENCE
To approximate the solution of the boundary-value problem

y ′′ = p(x)y ′+ q(x)y + r(x), for a ≤ x ≤ b, with y(a) = α & y(b) = β :

INPUT endpoints a,b; boundary conditions α, β; integer N ≥ 2.

OUTPUT approximations wi to y(xi) for each i = 0,1, . . . ,N + 1.

Step 1 Set h = (b − a)/(N + 1);
x = a + h;
a1 = 2 + h2q(x);
b1 = −1 + (h/2)p(x);
d1 = −h2r(x) + (1 + (h/2)p(x))α.
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Chapter 11.3: Finite-Difference Methods for Lin-
ear Problems

Algorithm 11.3: LINEAR FINITE-DIFFERENCE
Step 2 For i = 2, . . . ,N − 1

set x = a + ih;
ai = 2 + h2q(x);
bi = −1 + (h/2)p(x);
ci = −1− (h/2)p(x);
di = −h2r(x).

Step 3 Set x = b − h;
aN = 2 + h2q(x);
cN = −1− (h/2)p(x);
dN = −h2r(x) + (1− (h/2)p(x))β.

Step 4 Set l1 = a1;
(Steps 4-8 solve a tridiagonal linear system using Alg. 6.7)
u1 = b1/a1;
z1 = d1/l1.
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Chapter 11.3: Finite-Difference Methods for Lin-
ear Problems

Algorithm 11.3: LINEAR FINITE-DIFFERENCE
Step 5 For i = 2, . . . ,N − 1 set li = ai − ciui−1;

ui = bi/li ;
zi = (di − cizi−1)/li .

Step 6 Set lN = aN − cNuN−1;
zN = (dN − cNzN−1)/lN .

Step 7 Set w0 = α;
wN+1 = β.
wN = zN .

Step 8 For i = N − 1, . . . ,1 set wi = zi − uiwi+1.
Step 9 For i = 0, . . . ,N + 1 set x = a + ih;

OUTPUT (x ,wi).
Step 10 STOP. (The procedure is complete.)
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Chapter 11.4: Finite-Difference Methods for
Nonlinear Problems

Algorithm 11.4: NONLINEAR FINITE-DIFFERENCE
To approximate the solution to the nonlinear boundary-value problem

y ′′ = f (x , y , y ′), for a ≤ x ≤ b, with y(a) = α & y(b) = β :

NPUT endpoints a,b; boundary conditions α, β; integer N ≥ 2;
tolerance TOL; maximum number of iterations M.

OUTPUT approximations wi to y(xi) for each i = 0,1, . . . ,N + 1 or a
message that the maximum number of iterations was exceeded.

Step 1 Set h = (b − a)/(N + 1);
w0 = α;
wN+1 = β.

Step 2 For i = 1, . . . ,N set wi = α+ i
(
β−α
b−a

)
h.
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Chapter 11.4: Finite-Difference Methods for
Nonlinear Problems

Algorithm 11.4: NONLINEAR FINITE-DIFFERENCE
Step 3 Set k = 1.
Step 4 While k ≤ M do Steps 5–l6.

Step 5 Set x = a + h;
t = (w2 − α)/(2h);
a1 = 2 + h2fy (x ,w1, t);
b1 = −1 + (h/2)fy ′(x ,w1, t);
d1 = −

(
2w1 − w2 − α+ h2f (x ,w1, t)

)
.

Step 6 For i = 2, . . . ,N − 1
set x = a + ih;

t = (wi+1 − wi−1)/(2h);
ai = 2 + h2fy (x ,wi , t);
bi = −1 + (h/2)fy ′(x ,wi , t);
ci = −1− (h/2)fy ′(x ,wi , t);
di = −

(
2wi − wi+1 − wi−1 + h2f (x ,wi , t)

)
.

| Numerical Analysis 10E



20

Chapter 11.4: Finite-Difference Methods for
Nonlinear Problems

Algorithm 11.4: NONLINEAR FINITE-DIFFERENCE
Step 7 Set x = b − h;

t = (β − wN−1)/(2h);
aN = 2 + h2fy (x ,wN , t);
cN = −1− (h/2)fy ′(x ,wN , t);
dN = −

(
2wN − wN−1 − β + h2f (x ,wN , t)

)
.

Step 8 Set l1 = a1; (Steps 8-12 solve tridiagonal linear system
using Algorithm 6.7.)

u1 = b1/a1;
z1 = d1/l1.

Step 9 For i = 2, . . . ,N − 1 set li = ai − ciui−1;
ui = bi/li ;
zi = (di − cizi−1)/li .

Step 10 Set lN = aN − cNuN−1;
zN = (dN − cNzN−1)/lN .
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Chapter 11.4: Finite-Difference Methods for
Nonlinear Problems

Algorithm 11.4: NONLINEAR FINITE-DIFFERENCE
Step 11 Set vN = zN ;

wN = wN + vN .
Step 12 For i = N − 1, . . . ,1 set vi = zi − uivi+1;

wi = wi + vi .
Step 13 If ‖v‖ ≤ TOL then do Steps 14 and 15.

Step 14 For i = 0, . . . ,N + 1 set x = a + ih;
OUTPUT (x ,wi).

Step 15 STOP. (The procedure was successful.)
Step 16 Set k = k + 1.

Step 17 OUTPUT (‘Maximum number of iterations exceeded’);
(The procedure was unsuccessful.)
STOP.
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Chapter 11.5: The Rayleigh-Ritz Method

Theorem (11.4)
Let p ∈ C1[0,1], q, f ∈ C[0,1], and

p(x) ≥ δ > 0, q(x) ≥ 0, for 0 ≤ x ≤ 1.

The function y ∈ C2
0 [0,1] is the unique solution to the differential

equation

− d
dx

(
p(x)

dy
dx

)
+ q(x)y = f (x), for 0 ≤ x ≤ 1,

if and only if y is the unique function in C2
0 [0,1] that minimizes the

integral

I[u] =
∫ 1

0
{p(x)[u′(x)]2 + q(x)[u(x)]2 − 2f (x)u(x)} dx .
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Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.5 PIECEWISE LINEAR RAYLEIGH-RITZ
To approximate the solution to the boundary-value problem

− d
dx

(
p(x)

dy
dx

)
+q(x)y = f (x), for 0 ≤ x ≤ 1, y(0) = 0 & y(1) = 0 :

with the piecewise linear function

φ(x) =
n∑

i=1

ciφi(x) :

INPUT integer n ≥ 1; points x0 = 0 < x1 < · · · < xn < xn+1 = 1.

OUTPUT coefficients c1, . . . , cn.

Step 1 For i = 0, . . . ,n set hi = xi+1 − xi .
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Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.5 PIECEWISE LINEAR RAYLEIGH-RITZ
Step 2 For i = 1, . . . ,n define the piecewise linear basis φi by

φi(x) =



0, 0 ≤ x ≤ xi−1,
x−xi−1

hi−1
, xi−1 < x ≤ xi ,

xi+1−x
hi

, xi < x ≤ xi+1,

0, xi+1 < x ≤ 1.
Step 3 For each i = 1,2, . . . ,n − 1 compute

Q1,i ,Q2,i ,Q3,i ,Q4,i ,Q5,i ,Q6,i ;
Compute Q2,n,Q3,n,Q4,n,Q4,n+1,Q5,n,Q6,n.

Step 4 For each i = 1,2, . . . ,n − 1, set
αi = Q4,i + Q4,i+1 + Q2,i + Q3,i ;
βi = Q1,i −Q4,i+1;
bi = Q5,i + Q6,i .

| Numerical Analysis 10E



25

Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.5 PIECEWISE LINEAR RAYLEIGH-RITZ
Step 5 Set αn = Q4,n + Q4,n+1 + Q2,n + Q3,n;

bn = Q5,n + Q6,n.
Step 6 Set a1 = α1; (Steps 6-10 solve symmetric tridiagonal

linear system using Algorithm 6.7.)
ζ1 = β1/α1;
z1 = b1/a1.

Step 7 For i = 2, . . . ,n − 1 set ai = αi − βi−1ζi−1;
ζi = βi/ai ;
zi = (bi − βi−1zi−1)/ai .

Step 8 Set an = αn − βn−1ζn−1;
zn = (bn − βn−1zn−1)/an.

Step 9 Set cn = zn; OUTPUT (cn).
Step 10 For i = n − 1, . . . ,1 set ci = zi − ζici+1; OUTPUT (ci).
Step 11 STOP. (The procedure is complete.)
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Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.6 CUBIC SPLINE RAYLEIGH-RITZ
To approximate the solution to the boundary-value problem

− d
dx

(
p(x)

dy
dx

)
+ q(x)y = f (x), 0 ≤ x ≤ 1, y(0) = 0 y(1) = 0

with the sum of cubic splines

φ(x) =
n+1∑
i=0

ciφi(x) :

INPUT integer n ≥ 1.

OUTPUT coefficients c0, . . . , cn+1.

Step 1 Set h = 1/(n + 1).
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Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.6 CUBIC SPLINE RAYLEIGH-RITZ
Step 2 For i = 0, . . . ,n + 1 set xi = ih.

Set x−2 = x−1 = 0; xn+2 = xn+3 = 1.
Step 3 Define the function S by

S(x) =



0, x ≤ −2,
1
4 (2 + x)3, −2 < x ≤ −1,
1
4

[
(2 + x)3 − 4(1 + x)3

]
, −1 < x ≤ 0,

1
4

[
(2− x)3 − 4(1− x)3

]
, 0 < x ≤ 1,

1
4 (2− x)3, 1 < x ≤ 2,

0, 2 < x
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Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.6 CUBIC SPLINE RAYLEIGH-RITZ
Step 4 Define the cubic spline basis {φi}n+1

i=0 by
φ0(x) = S

( x
h

)
− 4S

( x+h
h

)
,

φ1(x) = S
( x−x1

h

)
− S

( x+h
h

)
,

φi(x) = S
( x−xi

h

)
, for i = 2, . . . ,n − 1,

φn(x) = S
( x−xn

h

)
− S

(
x−(n+2)h

h

)
,

φn+1(x) = S
( x−xn+1

h

)
− 4S

(
x−(n+2)h

h

)
.

Step 5 For i = 0, . . . ,n + 1 do Steps 6–9.
(Note: The integrals in Steps 6 and 9 can be evaluated
using a numerical integration procedure.)

Step 6 For j = i , i + 1, . . . ,min{i + 3,n + 1}
set L = max{xj−2,0}; U = min{xi+2,1};

aij =
∫ U

L

[
p(x)φ′i (x)φ

′
j (x) + q(x)φi(x)φj(x)

]
dx ;

if i 6= j , then set aji = aij . (Since A is symmetric.)
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Chapter 11.5: The Rayleigh-Ritz Method

Algorithm 10.6 CUBIC SPLINE RAYLEIGH-RITZ
Step 7 If i ≥ 4 then for j = 0, . . . , i − 4 set aij = 0.
Step 8 If i ≤ n − 3 then for j = i + 4, . . . ,n + 1 set aij = 0.
Step 9 Set L = max{xi−2,0};

U = min{xi+2,1};

bi =
∫ U

L f (x)φi(x) dx .
Step 10 Solve the linear system Ac = b, where

A = (aij),b = (b0, . . . ,bn+1)
t and c = (c0, . . . , cn+1)

t .
Step 11 For i = 0, . . . ,n + 1

OUTPUT (ci).
Step 12 STOP. (The procedure is complete.)
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