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Chapter 11.1: Linear Shooting Method »

Theorem (11.1)
Suppose the function f in the boundary-value problem

y" =f(x,y,y"), fora<x<b,withy(a)=«a andy(b)= 8,
is continuous on the set
D={(x,y,y') fora<x <b,with—coc <y < ooand—oco <y <oo},

and that the partial derivatives f, and f,, are also continuous on D. If
(i) f,(x,y,y’)>0,forall(x,y,y') € D, and
(if) a constant M exists, with

‘fy’(xvyay/”gMa fO"a//(Xayay/)GD,

then the boundary-value problem has a unique solution.
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Chapter 11.1: Linear Shooting Method

Corollary (11.2)
Suppose the linear boundary-value problem

y"'=pXx)y +q(x)y +r(x), fora< x <b,
with
y(a) = a and y(b) = 3, satisfies
(i) p(x), g(x), and r(x) are continuous on [a, b],
(ii) q(x) >0o0n]|a,b].

Then the boundary-value problem has a unique solution.
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Chapter 11.1: Linear Shooting Method

To approximate the solution of the boundary-value problem
—y"+p(X)y’ +q(x)y+r(x) =0, fora< x < b, with y(a) = « and y(b) = 3,

INPUT endpoints a, b; boundary conditions «, 3; number of
subintervals N.

OUTPUT approximations w; ; to y(x;); wa,; to y’(x;) for each
i=0,1,...,N.

Step 1 Set h= (b— a)/N;
Uo=0a; Wo=0; vig=0; Vvao=1.
Step2 Fori=0,...,N—1do Steps 3 and 4.
(Runge-Kutta method for systems used in Steps 3 & 4.)
Step 3 Set x = a+ ih.

v
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Chapter 11.1: Linear Shooting Method

Step 4 Set k171 = hUgﬁ,‘;
ki2 = hlp(x)uz,; + q(x)us ;i + r(x)];
kot = hluoj+ Skiol;
k2,2 =h [,D(X aF h/2) (U27,' + %ktg)
+Q(X aF h/2) (U1,/ + %k1’1) + r(x + h/2)},
ka1 = h[uzi+ Ske2);
ksz = h[p(x + h/2) (U2, + JKe2)
+q(x + h/2)(ur,i + 3ko1) + r(x + h/2)];
Ka 1 = h[Uz,i + K3 2];
+q(x + h/2)(ur,i + 3ko1) + r(x + h/2)];
ka2 = hp(x + h)(uz,i + K3 2)
+q(x + h)(u1,i + ks,1) + r(x + h)];
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Chapter 11.1: Linear Shooting Method

Utit = Ut + & [Ki1 +2ko 1 + 2Ka 1 + Ka1];
Uiy = Uzj+ 5 [K1,2 + 2ko 2 + 2K 2 + Ka2];
k1/’1 = th_’,‘;

ki o = hlp(x)vz,i + q(x)v1,i;

kg1 =h|vei+ 1§k1/,2};

Ko = hp(x + h/2) (va, + 3K 2)
+a(x+ h/2) (v + 3K )|
Koy = h Ve + 1)

Koo = h |p(x + h/2) (vas + 3K 2)

+a(x + h/2) (vii+ 3K |

v
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Chapter 11.1: Linear Shooting Method

Kig = h[vei+ )
Kip=h {p(x + h)(va,i + K3 5) +q(X + h)(vai + kén): ;
Vgt = Viit+ & [k1/,1 +2K; 1 + 2Kz 4 + k£,1};
Vojjst = Va,i+ & [k{z +2k5 5 + 2Kz 5 + ké,z]-

Step 5 Set wy o =

5U1N

W20 = =
OUTPUT (a W10, W2 0)
Step6Fori=1,....N
set W1 = Uq,j + WaoVi,j; wa = Ui+ WaoVoj; X =a+ ih;
OUTPUT (x, W1, W2). (Outputis x;, wy i, Wa ;.)
Step 7 STOP.  (The process is complete.)

4
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Chapter 11.2: Shooting Method for Nonlineg
Problems

MOTIVATION
Shooting methods for nonlinear problems require iterations to
approach the “target”.

y
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Figure: Figure 11.3
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Chapter 11.2: Shooting Method for Nonlinez
Problems |

To approximate the solution of the nonlinear boundary-value problem
y' =1f(x,y,y"), fora<x<b,withy(a)=caandy(b)=23:

INPUT endpoints a, b; boundary conditions «, 3; number of
subintervals N > 2; tolerance TOL; maximum number of iterations M.

OUTPUT approximations w; ; to y(x;); wa,; to y’(x;) for each
i=0,1,...,N or a message that the maximum number of iterations
was exceeded.

Step 1 Seth=(b— a)/N;
k=1;
TK = (8 — a)/(b—a). (Note: TK could also be input.)

v
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Chapter 11.2: Shooting Method for Nonlinez
Problems |

Step 2 While (k < M) do Steps 3-10.
Step 3 Set wy o = o

W2_]0 SS TK,
uy = 0;
U = 1.

Step4 Fori=1,..., N do Steps 5 and 6.
(Runge-Kutta method for systems used in Steps 5 & 6.)
Step 5 Set x =a+ (i — 1)h.
Step 6 Set k1’1 = th’,‘,1;

ki = hf(x, wy j—1Wa,;_1);
ko1 = h (W1 + 5ki2);
koo = hf (X + 5, Wy i1+ ki1, Waio1 + K1 2);
ks = h(Wei—1+ ske2);

y
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Chapter 11.2: Shooting Method for Nonlinez
Problems |

ks = hf (X + 5, w1+ Skat, W1 + 5Ke2);

Kag = h(wa,i—1 + k3 2);

Koo = hf(X+ h,wy i1+ Ka 1, Wa,i—1 + K3 2);

wyj = Wy i—1+ (Ki,1 +2kz1 + 2ks 1 + Ka,1)/6;

Woi= Wai_1+ (Kio+ 2koo + 2k 2 + Ka2)/6;

ki 1 = hu;

ki o = hlfy (X, Wi j—1, Wa,ji—1)ur + fr (X, Wy j—1, Wa,j—1) U]
Ky = h |z + 3K o5

Koo = h [f(x+ hy2, wa v, woq) (un + 3k )

+hy (X +h/2,wy i1, Wa ;1) (Uz + %kﬂz)} ;

y
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Chapter 11.2: Shooting Method for Nonline
Problems

Ky =h e+ 1hs);

Koo = h[fy(x + /2, wa v, wo 1) (un + 1)
+hy (X +h/2,wy i1, Wa i 1) (Uz + %ké72>:| ;

ki = h(uz + k3 5);

Ko = h [ f(x + g, wo 1) (ur + K
+hy (X 4+ h,wy i1, Wa i) (Uz + kéyg)j| ;

ur = ur + glki § + 2Ky 4+ 2k 4 + K 4 ;

Up = Up + §[K] 5 + 2K} 5 + 2K 5 + Kj 5.
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Chapter 11.2: Shooting Method for Nonline
Problems

Step 7 If [wy y — 8| < TOL then do Steps 8 and 9.
Step8 Fori=0,1,...,N
set x = a+ ih; OUTPUT (x, wy j, Wa ;).
Step 9 (The procedure is complete.) STOP
Step 10 Set TK = TK — “.n=6.
(Newton’s method used for TK.)
k=k+1.
Step 11 OUTPUT (‘Maximum number of iterations exceeded’);
(Procedure unsuccessful.) STOP
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Chapter 11.3: Finite-Difference Methods for Ligs

ear Problems

Theorem (11.3)

Suppose that p, q, and r are continuous on [a, b]. If q(x) > 0 on
[a, b], then the tridiagonal linear system below has a unique solution
provided that h < 2/L, where L = maxa<x<p |P(X)].

Tridiagonal System

The system of equations Aw = b is expressed in the tridiagonal N x N matrix form
5 h
2+ h%q(xq) *1+§P(X1) 0 0
h 2 h
—1—-ple) 2+ha(xx) 1+ -p(x2)
A= 2 2
> o - h
0 : 0 : -1+ EP(XN—”
h
0 = 0 1= 2p0w) 2+ Mqbm)
”
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ear Problems

Tridiagonal System

where
5 h
—HPr(xa) + (1 + 5p(x) ) wo
Wi 2
Wo —RPr(x2)
w= : , and b= c

WN—1 7h2f(XN,1)

w h

" —Hr(xn) + (1 = ép(x,\,)) Wh 1
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Chapter 11.3: Finite-Difference Methods for Li DSy
ear Problems »

To approximate the solution of the boundary-value problem

y' =p(x)y’ +q(x)y +r(x), fora< x < b, with y(a) = a & y(b) = 3 :
INPUT endpoints a, b; boundary conditions «;, 3; integer N > 2.

OUTPUT approximations w; to y(x;) foreach i=0,1,... ., N+ 1.

Step 1 Seth=(b—a)/(N+1);
X=a+ h;
ar =2+ hPq(x);
by = =1 + (h/2)p(x);
di = —PPr(x) + (1 + (h/2)p(x))a.

v
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Chapter 11.3: Finite-Difference Methods for ;»\
ear Problems h

Step2Fori=2,....N—1
set x = a-+ ih;
aj = 2 + h?q(x);
bi = =1+ (h/2)p(x);
¢i=—1—(h/2)p(x);

d,' = —hzf(X).
Step 3 Set x = b — h;
ay =2 —|— h2q( )
ey = —1 = (h/2)p(x);

dv = —h2 r(x) + (1 = (h/2)p(x))5-
Step 4 Set | = ay;
(Steps 4-8 solve a tridiagonal linear system using Alg. 6.7)
uy = bi/as;
zZ1 = d1 //1 .

4
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Chapter 11.3: Finite-Difference Methods for L|
ear Problems

Step5Fori=2,....N—1setl=a — ciuj_+;
ui = bi/l;
Zi = (d, — C,'Z,',1)//,'.
Step 6 Set Iy = ay — cnvUn—_1;
zy = (dv — cnZn—1)/IN-
Step 7 Set wy = «;

Wny1 = [.
WN = ZN.
Step8Fori:N—17...,1 set w, =2z — UiWi41.

Step9 Fori=0,....,N+1setx =a+ ih;
OUTPUT (x, w;).
Step 10 STOP. (The procedure is complete.)
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Chapter 11.4: Finite-Difference Methods
Nonlinear Problems

To approximate the solution to the nonlinear boundary-value problem
y'=1f(x,y,y’), fora<x < b, with y(a) = a & y(b) =

NPUT endpoints a, b; boundary conditions «, 5; integer N > 2;
tolerance TOL; maximum number of iterations M.

OUTPUT approximations w; to y(x;) foreachi=0,1,....,N+1ora
message that the maximum number of iterations was exceeded.

Step1Seth= (b—a)/(N+1);

Wo = o

Wnit = f3.
Step2Fori=1,...,Nsetw =a+i(5=2)h

a

’
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Chapter 11.4: Finite-Difference Methods
Nonlinear Problems

Step 3 Set k = 1.
Step 4 While kK < M do Steps 5-16.
Step 5 Set x = a+ h;
t= (w2 —a)/(2h);
ar = 2+ h2f,(x, wy, t);
by = —1+(h/2)f, (x,wy, 1);
ady = —(2W1 —Wo — o+ hzf(X7 W1,t)).
Step6Fori=2,....N—1
set x = a+ ih;
t = (Wip1 — wi_1)/(2h);
aj = 2+ Wf,(x, w;, t);
bi = -1+ (h/2)f,(x, w;, t);
¢ =—1—(h/2)f,(x, w;, 1),
di = —(2w; — Wipq — Wit + PPf(x, w;, ).

4
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Chapter 11.4: Finite-Difference Methods
Nonlinear Problems

Step 7 Set x = b — h;
t=(8—wn-1)/(2h);
an = 2 + 1, (x, wn, t);
en =—1—(h/2)f, (x, wy, t);
ay = —(2WN — Wn_q1 — [+ hZI((X7 Wh, t))
Step 8 Set I} = ay; (Steps 8-12 solve tridiagonal linear system
using Algorithm 6.7.)
ur = by/a;
Z1 = d1 //1
Step9Fori=2,.... N—1setl=a — ciuj_1;
up = bi/l;;
zj = (d; — cizi—1) /1.
Step 10 Set Iy = ay — enUN_1;
N = (dN = CNZN—1)//N-

4
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Chapter 11.4: Finite-Difference Methods
Nonlinear Problems

Step 11 Set vy = zy;
Wn = Wn + Vpn.
Step12 FOFi:N—1,...,1 set Vi =2z — UjVii1;
Wi = W+ V.
Step 13 If |v|| < TOL then do Steps 14 and 15.
Step14 Fori=0,...,N+1setx =a+ ih;
OUTPUT (x, w;).
Step 15 STOP. (The procedure was successful.)
Step 16 Set k = k + 1.
Step 17 OUTPUT (‘Maximum number of iterations exceeded’);
(The procedure was unsuccessful.)
STOP.
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Chapter 11.5: The Rayleigh-Ritz Method

Theorem (11.4)
Letp € C'[0,1], q, f € C[0, 1], and

p(x)>d6>0, q(x)>0, for0<x<1.

The function y € C3[0,1] is the unique solution to the differential
equation

d dy B
~dx <p(x)dx) +g(x)y = f(x), for0<x<1,

if and only if y is the unique function in C3[0, 1] that minimizes the
integral

lu] = /0 {P()IU' ()P + g(x)[u(x)]? = 2f(x)u(x)} dx.

.
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Chapter 11.5: The Rayleigh-Ritz Method

To approximate the solution to the boundary-value problem

d

dx ax

with the piecewise linear function

¢(x) =D cidi(x) :
i=1

INPUT integer n > 1; points X =0 < xq < -+ < Xp < Xpue1 = 1.
OUTPUT coefficients ¢y, ..., cp.

Step 1 Fori=0,...,nseth = X1 — X.

(p(x)dy>+q(x)y =f(x), for0<x<1, y(0)=0&y(1)=0:

v
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Chapter 11.5: The Rayleigh-Ritz Method

Step 2 For i =1, ..., ndefine the piecewise linear basis ¢; by

07 OSXSX{'717
X—Xj—
o Xiet <X <X,
¢i(X) - Xip1—X
= X < X < X,
0, X1 < x < 1.
Step 3 Foreachi=1,2,...,n— 1 compute

Qi Qoi, Qsj, Qui, Qs i, Qe i

Compute Qs p, Qs 5, Qa.n, Qs ni1, Qs,n, Qs
Step4 Foreachi=1,2,...,n—1, set

aj=Qui+ Quit1+ Qi+ Qs j;

Bi= Qi — Quiv1;

b = Qs,/ aF er.

v
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Chapter 11.5: The Rayleigh-Ritz Method

Step 5 Set oy = 047,7 aF Q4,n+1 aF 027,7 4 Q&n;
bn - QS,n + QG,n-
Step 6 Set a; = «y; (Steps 6-10 solve symmetric tridiagonal
linear system using Algorithm 6.7.)

¢ = B1/ax;
Z4 :b1/a1.
Step7Fori=2,....n—1seta;=a; — 8i_1(_1;

G = Bi/ai;
zi = (b — Bi—1zi—1)/a.
Step 8 Set a, = ap — Bn—1(n-1;
zp = (bn — Bn-12n-1)/an-
Step 9 Set ¢, = z,; OUTPUT (cp).
Step10Fori=n—1,...,1setc =z — {jcir1; OUTPUT (c).
Step 11 STOP. (The procedure is complete.)

y
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Chapter 11.5: The Rayleigh-Ritz Method

To approximate the solution to the boundary-value problem

% ax

with the sum of cubic splines

n-+1

$(x) =Y _ cigi(x) :
i=0

INPUT integer n > 1.

OUTPUT coefficients cy, . .., Cni1.

Step1Seth=1/(n+1).

J (p(x)dy) T a(x)y = F(x), 0 <x <1, y(0) = 0y(1) = 0

v
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Chapter 11.5: The Rayleigh-Ritz Method

Step2 Fori=0,...,n+ 1 set x; = ih.
Set x_» = x_1 =0; Xnt2 = Xnt+3 = 1.
Step 3 Define the function S by
0, x < -2,

1(2 + x)3, —2<x< -1,
[(2+x)3 4(1+x)%], —-1<x<0,
- x)®—4(1-x)*], 0<x<1,
(2—x), 1<x<2,

2< X

O BI= A= M= M=
—
/'\
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Step 4 Define the cubic spline basis {¢;}" ”+1
do(x) = S (¥) —4S (*4"),
P1(x) = S(%) _S(ihh)’
pi(x) =S (*5),fori=2,....,.n—1,

on(x) = S (452) — 8 (L520)
bri(x) = 8 (A7) — 45 (2=(02)
Step5Fori=0,...,n+ 1 do Steps 6-9.
(Note: The integrals in Steps 6 and 9 can be evaluated
using a numerical integration procedure.)
Step6Forj=i,i+1,... mn{i+3,n+1}
set L = max{x;_ 2,0}' U = min{xj2,1};

a; = [, [P0 + a(x)ei(x)e5(x)] dx

if i # j, then set @; = a;.  (Since A is symmettric.)

y
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Chapter 11.5: The Rayleigh-Ritz Method

Step 7 If i > 4thenforj=0,...,/i—4setag;=0.
Step8Ifi<n—-3thenforj=i+4,...,n+1setag;=0.
Step 9 Set L = max{x;_2,0};

Ufmin{x,-+2,1}'

fL ) dx.
Step 10 Solve the linear system Ac = b, where

A= (aj),b=(bo,...,bpr1) and ¢ = (co, ..., Cns1)".
Step 11 Fori=0,...,.n+1
OUTPUT ().
Step 12 STOP. (The procedure is complete.)
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