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Chapter 12.1: Elliptic Partial Differential Equg

tions »
7

Selecting a Grid

1. Choose integers n and m to define step sizes
h=(b—a)/nand k = (d —c)/m.

2. Partition the interval [a, b] into n equal parts of width h and
the interval [c, d] into m equal parts of width k.

3. Place a grid on the rectangle R by drawing vertical and
horizontal lines through the points with coordinates (x;, y;),
where

Xj=a-+ih, foreachi=0,1,...,n, and
yj=c+jk, foreachj=0,1,....,m.

4. The lines x = x; and y = y; are grid lines, and their
intersections are the mesh points of the grid.

.
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Chapter 12.1: Elliptic Partial Differential Equg
tions

Selecting a Grid

Y2 1
1T

Yo=c

T
Xo=a X, X, X3 X4 b=x, x

Figure: Figure 12.4
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Chapter 12.1: Elliptic Partial Differential Equz
tions |

To approximate the solution to the Poisson equation

0?u 0%u
W(XJ/)“FW(X,}/):)C(X,}/), agxﬁb: C§y§d7

subject to the boundary conditions
ux,y)=9(x,y) ifx=aorx=b and c<y<d
and
ux,y)=9(x,y) ify=cory=d and a<x<b:
INPUT endpoints a, b, c, d; integers m > 3, n > 3; tolerance TOL; maximum
number of iterations N.

OUTPUT approximations w;; to u(x;, y;) foreachi=1,...,n— 1 and for
eachj=1,...,m— 1 or a message that the maximum number of iterations
was exceeded.

v
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Chapter 12.1: Elliptic Partial Differential Equz
tions |

Step1Seth= (b—a)/n;
k=(d—c)/m.
Step2 Fori=1,...,n—1set x; = a+ ih. (Steps 2 & 3 construct mesh pts.)
Step3Forj=1,...,m—1sety, =c+jk.
Step4 Fori=1,...,n—1
forj=1,...,m—1setw;;=0.
Step 5 Set A = H?/K?;
w=2(1+M\);
f=1.
Step 6 While / < N do Steps 7-20. (Steps 720 perform
(Gauss-Seidel iterations.)
Step 7 Set z = (—h?f(x1, Ym—1) + g(@ Ym—1) + Ag(x1, d)

+ AW m—2 + Wom—1) /14
NORM = |z — Wi m—1];
Wim—1 = Z.

y
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Chapter 12.1: Elliptic Partial Differential Equz
tions |

Step8Fori=2,...,n—2
set z = ( = hzf(X,',ym,1) + )\g(X,'7 d) + Wi—1,m—1
+Wist,m—1 + AWim—2) /1t;
if |wj,m—1 — z| > NORM then set NORM = |W; m—1 — Z|;
set Wim1 = 2.
Step 9 Set z = ( — PP f(Xn—1, Ym—1) + (b, Ym—1) + Ag(Xn_1, )
+Wn—2,m—1 + )\Wn71,m72)/#;
if |Wn—1,m—1 — 2| > NORM then set NORM = |Wp_1,m—1 — Z|;
set Wn—1,m—1 = Z.
Step 10 Forj=m —2,...,2 do Steps 11, 12, and 13.
Step 11 Set z = (—H?f(x1,¥)) + 9(a, ¥}) + AW j+

AWy o1+ we) [
if |wy; — z| > NORM then set NORM = |w; ; — z|;
set Wy = Z.

y

| Numerical Analysis 10E



Chapter 12.1: Elliptic Partial Differential Equg
tions

Step12Fori=2,...,.n—2
set z = (—HPf(xi, y)) + Wi—1,

FAW 1+ Wigt )+ AW 1) /13
if |wij — z| > NORM then set NORM = |w;; — z|;
set Wij=Z.
Step 13 Set z = ( — W f(Xa—1,¥;) + 9(b, ¥;) + Wn_2;
FAWn_1,j1 + AWn_1,j-1) /1
if [wp_1,; — z| > NORM then set NORM = |w,,_1; — Z|;
set Wp—1,j = Z.
Step 14 Set z = (—HPf(x1,y1) + g(a y1) + Ag(x1, C) + Awi 2 + Wa 1) /i;
if |ws.1 — z| > NORM then set NORM = |w+ ; — z|;
set Wi = Z.
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Chapter 12.1: Elliptic Partial Differential Equz
tions |

Step15Fori=2,...,n— 2 set
A (*hzf(Xi,}ﬁ) +Ag(Xi, €) + Wimt,1 + AWz + Wigt1) /15
if (w1 — z| > NORMthen set NORM = w1 — z|;
set Wi1 = Z.

Step 16 Set z = (—Pf(Xn—1, 1) + 9(b, y1)

FAG(Xn—1,C) + Wn_2,1 + AWn_12) /11;
if |[Wo—1 1 — 2| > NORM then set NORM = |w,_+ 1 — z|;
set Wn—1,1 = Z.

Step 17 If NORM < TOL then do Steps 18 and 19.
Step18Fori=1,...,n—1
forj=1,...,m—10UTPUT (x;, yj, wi ).

Step 19 STOP.  (The procedure was successful.)
Step 20 Set / =/ + 1.
Step 21 OUTPUT (‘Maximum number of iterations exceeded’);
STOP. (The procedure was unsuccessful.)

y
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Chapter 12.2: Parabolic Partial Differential Equg

BACKWARD DIFFERENCE

The Backward-Difference method involves the mesh points (x;, ti_1),
(xi—1, t;), and (xi41, ) to approximate the value at (x;, #;), as illustrated
in Figure 12.9.

o
o
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o

o
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[

Figure: Figure 12.9
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Chapter 12.2: Parabolic Partial Differential Equg

To approximate the solution to the parabolic partial differential
equation

ou ,0%U
E(XJ)—O{ W(xg‘)_o, O<x<Il, 0<t<T,

subject to the boundary conditions
u0,t)=u(l,t)=0, 0<t<T,
and the initial conditions

u(x,0)=f(x), 0<x<I:

.

| Numerical Analysis 10E




Chapter 12.2: Parabolic Partial Differential Equ

INPUT endpoint /; maximum time T; constant «; integers m > 3,

N>1.
OUTPUT approximations w;; to u(x;, t;) foreachi=1,...,m—1 and
j=1,...,N.
Step 1 Set h=1/m;
k=T/N;
A\ = o?k/h.

Step2Fori=1,...,m—1setw; =f(ih). (Initial values.)
(Steps 3—11 solve tridiagonal linear system by Algorithm 6.7.)
Step 3 Set | =1+ 2);
u = —)\//1.
Stepd Fori=2,....m—2setli=1+2\+ \uj_q;
uj = f)\//,'.
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Chapter 12.2: Parabolic Partial Differential EQug

Step5Set 1 =1+2\+ Aup_o.
Step6 Forj=1,...,N do Steps 7-11.
Step 7 Set t = jk; (Current t;.)

Z1 = W1//1.
Step8Fori=2,....,m—1setzi=(w+ Azj_1)/l;.
Step 9 Set w1 =z 1.

Step 10 For i = m—2,...71 setw, =2z — UiWii1.
Step 11 OUTPUT (t); (Note: t = t.)
Fori=1,....,m—1setx = ih;
OUTPUT (x, w;). (Note: w; = w;;.)
Step 12 STOP. (The procedure is complete.)
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Chapter 12.2: Parabolic Partial Differential EQugs

FORWARD DIFFERENCE

The Forward-Difference method involves the mesh points (xi_1, i—1),

(x;, ti—1), and (xi41, i—1) to approximate the value at (x;, {;), as illustrated in
Figure 12.10. This method has stability problems, so the
Backward-Difference method is preferred.

o
(e}
X o Forward-
= X X X o difference

© method

Figure: Figure 12.10
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Chapter 12.2: Parabolic Partial Differential EQugs

CRANK-NICLOSON

The Crank-Nicolson represents an averaging of the
backward-difference method and forward-difference method involving
the mesh points (xi_1, ), (Xi, ), (Xi1, ), (Xi—1, fi41),and (Xig1, 1)
to approximate the value at (Xx;, t;;1), as illustrated in Figure 12.11.

X o
X o Crank-
o Nicolson
© method
o

Figure: Figure 12.11
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Chapter 12.2: Parabolic Partial Differential Equg

To approximate the solution to the parabolic partial differential
equation

2
%(XJ)—aza—Xu(X,t):O, O<x<l/l 0O0<t<T,

subject to the boundary conditions
u0,t)=u(l,t)=0, 0<t<T,
and the initial conditions

u(x,0)=f(x), 0<x</:
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Chapter 12.2: Parabolic Partial Differential Equ

INPUT endpoint /; maximum time T; constant «; integers m > 3,

N>1.
OUTPUT approximations w; ; to u(x;, t;) foreachi=1,...,m—1 and
j=1,...,N.
Step 1 Seth=1/m;
k=T/N;
A\ = o’k /h?,
wp, = 0.
Step2 Fori=1,...,m—1setw; =f(ih). (Initial values.)

(Steps 3—11 solve a tridiagonal linear system using Algorithm 6.7.)
Step3Seth =1+ );
uy = —X\/(2h).
Step4Fori=2,.... m—2setli=1+A\+A\ui_1/2;
ui = —X\/(21).

4
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Chapter 12.2: Parabolic Partial Differential Equ;

Step5Set 1 =1+ A+ Aup_2/2.
Step 6 Forj=1,..., N do Steps 7-11.
Step 7 Set t = jk;  (Current t;.)

Z = [(1 = A)wr + Swa] //1.
Step8 Fori=2,...,m—1 set

zi=[(1 = Wi + 5(Wit1 + Wi—1 + Zi_1)] ///-
Step 9 Set w1 =z 1.

Step10Fori:m—2,...71 set w, =2z — UiWit1.
Step 11 OUTPUT (t); (Note: t = t.)
Fori=1,....,m—1set x = ih;

OUTPUT (x,w;). (Note: w; = w;.)
Step 12 STOP. (The procedure is complete.)

y
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Chapter 12.3: Hyperbolic Partial Differentig
Equations

To approximate the solution to the wave equation

d2u d2u
8t2(Xt) 282(xt) 0, 0<x<I 0<t<T,

subject to the boundary conditions
u(0,t)=u(l,t)=0, 0<t<T,

and the initial conditions

ou

u(x,0) = f(x), and 8t(

x,0)=9g(x), for 0<x </,

INPUT endpoint /; maximum time T; constant «; integers m > 2,
N> 2.

y
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Chapter 12.3: Hyperbolic Partial Differentiz
Equations |

OUTPUT approximations w; ; to u(x;, t;) for each i = 0, ..., m and
j=0,....N.

Step 1 Seth=1/m,;
k=T/N;
A = ka/h.
Step2Forj=1,...,Nsetwy; =0;
Wm,j = 0;
Step 3 Set wy o = f(0);
Wmo = f(l)
Step4 Fori=1,....m—1 (Initialize fort =0 andt = k.)
set wio = f(ih);
wi1 = (1 = €2)f(ih) + X[f((i + 1)h)

+f((i — 1)h)] + ka(ih).

4

| Numerical Analysis 10E




Chapter 12.3: Hyperbolic Partial Differen
Equations |

Step5Forj=1,....N—1 (Perform matrix multiplication.)
fori=1,....m-—1
set W1 =2(1 — N2)W; + N2 (Wig1 )+ Wiet1)) — Wij_1.
Step6 Forj=0,...,N
set t = jk;
fori=0,....m
set x = ih;
OUTPUT (X, t, W,'J).
Step 7 STOP.  (The procedure is complete.)
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Chapter 12.4: Intro to Finite-Element Method

DEFINING THE ELEMENTS

The first step is to divide the region into a finite number of sections, or
elements, of a regular shape, either rectangles or triangles. (Figure 12.14.)
The set of functions used for approximation is generally a set of piecewise
polynomials of fixed degree in x and y, and the approximation requires that
the polynomials be pieced together in such a manner that the resulting
function is continuous with an integrable or continuous first or second
derivative on the entire region.

Figure: Figure 12.14
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Chapter 12.4: Intro to Finite-Element Method

To approximate the solution to the partial differential equation

5o (@) +rxpu=fxp). ey €D

subject to the boundary conditions

%(p(x,y)%) +

u(x,y)=g(x,y), (x.y)eS;
and
ou
p(x, y)afx(xa y)cosbi +q(x, y)%;(x, y)cos b + gi(x, y)u(x,y)
=0(X,y), (X,y)€ S,

where S; U S» is the boundary of D, and 0 and 6, are the direction
angles of the normal to the boundary:

o’
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Chapter 12.4: Intro to Finite-Element Method

Step 0 Divide the region D into triangles Ty, ..., Ty such that:

Ti,..., Tk are the triangles with no edges on S; or Sy;

(Note: K = 0 implies that no triangle is interior to D.)
Tk+1,-.., Iy are the triangles with at least one edge on So;
Tn+1,- .., Ty are the remaining triangles.

(Note: M = N implies that all triangles have edges on S».)
Label the three vertices of the triangle T; by
(x1(’),y1(')) . (xé’),yz(’)) ,and (xs('),ys(')) .
Label the nodes (vertices) Eq, ..., E; where
Ei,....,EpareinDU S, and E, 4, ..., Ey are on Sy.
(Note: n = m implies that Sy contains no nodes.)
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Chapter 12.4: Intro to Finite-Element Method

INPUT integers K, N, M, n, m; vertices
(xf”,yf”) . ( ,yé’)) (xs(’),yéi)) foreach i =1,..., M; nodes E; for
eachj=1,....m.

(Note: All that is needed is a means of corresponding a vertex
(X,E'),y,ﬁf)) to a node E; = (x;, y;).)

OUTPUT constants v, ...,vm; a /’),b/, ") for each j = 1,2,3 and
i=1,...,M.
Step1 For/=n+1,...,msetvy, =g(x,y). (Note: E;=(x,y).)
Step2Fori=1,....n

set 8 = 0;

forj=1,...,n seta;;=0.
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Step3Fori=1,....M
X
setAj=det|1 ) y|;
1 xéi) ys(i)
2l — x5y /A”Xé")' (i _ yé”AIYQ”; 0 ;,Xg)=
2 — xé”yf”;ﬁ”x?[ bl — yé”;iyi”, o) — xﬁ’;lxé),
A 0 _o
forj=1,2,3
define Nj( (x,y) = a ) 4+ b X+ c(’)y
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Chapter 12.4: Intro to Finite-Element Method

Step4 Fori=1,....,M (The integrals in Steps 4 & 5 can
be evaluated using numerical integration.)
forj=1,2,3
fork =1,...,j (Compute all double integrals over.)
the triangles. ) '
set z}f,ﬂ = ’)b’ ]z p(x,y) dx dy
+c ')ck') ffT x y dxdy
7[fT X.y) (Xy)dXdy1
setH') =— [[; f(x,y) N(' (x y)dxdy
Step 5 Fori = K + 1 ,N (Compute all line integrals.)
for j = 1,2, 3
fork=1,....J
set J{ =[5, 1(x, y)N}’ (X, V)N (x,y) dS;
set [ = [, g2(x, y)N{"(x,y) dS. ‘
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Chapter 12.4: Intro to Finite-Element Method

Step6 Fori=1,...,Mdo Steps 7-12. (Assembling the integrals
over each triangle into the.)
linear system.)

Step 7 For k = 1,2, 3 do Steps 8—12.
Step 8 Find / so that E; = (x,ﬁ”,y,ﬁ”)
Step9If k > 1thenforj=1,... . k—1 do Steps 10, 11.
Step 10 Find t so that E; = ( x yj ) .
Step 11 If / < nthen
if t < nthen set ayp = ay + z,((g

i
ay = oy + Z,(J

else set B, = 3 — %zk]
else
if t < nthen set 5; = B¢ — 7/2;(,-

4
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Chapter 12.4: Intro to Finite-Element Method

Step 12 1f / < nthen set ay = ay + 2{)};

Br= B+ HY.
Step 13 Fori= K +1,...,N do Steps 14-19. (Assembling the line

integrals into.)
into the linear system.)

Step 14 For k = 1,2, 3 do Steps 15-19.
Step 15 Find / so that £ = (x{, y{")
Step 16 If k > 1 thenforj=1,... kK — 1 do Steps 17, 18.
Step 17 Find t so that E; = ()(/.(’),}/j(’)) :
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Chapter 12.4: Intro to Finite-Element Method

Step 18 If / < nthen
if t < nthensetay = ay + J,£’3
ayg = oy + Jf{’}
else set 5 = 3 — V,J,((’;}
else
if t < nthen set g; = f; — V,J,((’;}.
Step 19 If | < nthen set ay = ay + J,E’)k
Bi=p+10.
Step 20 Solve the linear system Ac = b where A = (ay;),b = (5))
andc=(y)for1 </<nand1<t<n.
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Chapter 12.4: Intro to Finite-Element Method

Step 21 OUTPUT (74, .., ym)-
(Foreachk =1,...,m let g = N on Ty if B = (., ") .
Then ¢(x, y) = S, vkex(X, y) approximates

u(x,y)on DUS1 US>.)
Step22Fori=1,...,M
forj=1,2,3 OUTPUT (a}’%b}’% cj’) .
Step 23 STOP.  (The procedure is complete.)
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