19.5] Joint Moment Generating Functions

Def: The joint MGF of ¥ = (X, ..., X)), if it exists,

1s defined as:

11.{)((3’}) —_— 4rLirX1,...,Xk(tla TR t.{) —_ E

k
exp ( Z sz.-,)
i=1

where t = (#;,...,%;) and 0 < h < |;]

Thm 5.5.1] If Mxy(t,t;) exists, then
X 1LY( X and Y are independent) iff

fﬂrxry(tl, f'g) — ﬂvirx (tl)_ﬂfy(fg)

Mixed Moments

BlX; X5 =

A o
Myglti; vy t
ot; ot x|

Marginal dist MGF’s

_lfx(f'l) — ﬁd’xry(il,ﬂ)
ﬂfy(f'g) = ﬂr‘fxr}f(o, fg)
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Drr1=1—Xp;
Thad =N — L8

8 XK= (Xl: i ?X ) ~ I\IULT(T? P1y.ss pk;) where
Marginals = X; ~ BIN(n, p;)
The Joint MGF is: My (t) = Elexp(Z t;X;)]

Z Z ’El T}c'TkJrl

— t1 MEe k n
Suppose k = 3, then = (ple + + Pre” + pk‘-l-l)

Thus, Mx, x, xs(t1,t2,t3) = (p1€ + pae’® + pse®® + py)",
where py =1 — p; —p3 — D3

Th+1

(el J™ » 2 (ppe™ Pip ey

My, x,(t1,t2) = My, x, x,(t1,2,0) = (p1€™ + pac® + p3e® + 1 — py — p2 — p3)",

= (p1e” + p2e® + p3+1 —p1 —p2 —p3)",
= (p1€" + p2e™ +1 — p; — pa)".

By inspection, we recognize the MGF as: (X1, X53) ~ MULT(n, p1,ps)
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Ex:| Suppose (X,Y) ~ BVN (uq, pto, 03, 03, p)

We can find the joint MGF for this by evaluating the integral:

Mx .y (th, ta) = / f exp{tiz + toy) flx, y)dady

It's a bit difficult. so let’s use some theorems:

1 1
We use both My (t) = exp{ut + 50?3%2} and My x (1) = exp {,u_.gt + p@(X — pp)t + 50%(1 — pz)tz}
7

Mxy(t1,t2) = E(exp{t1 X + t2Y'}) = Ex[E(exp{t:1 X + t2Y }|X)] = Ex[exp{t1X }E(exp{t2Y }| X)]

o 1.3 j
= Ex[exp{t1 X} My |x(t2)] where My |x(t) = exp {;1-21‘ fo g (X =l )+ 505(1 — pz)tz}

Collect the parts that doN't depend on X. Then p1 - out of the expectation (call them “c”)

(T a
=g Py [C}{p { ty + p_z o | X } =c- My (tl 4+ p—ztz) For more details, the complete derivation
a0y 01 is on the class website. Look for
= c-exp {p..l (tl + p?tg) -+ %O’f (fl + p?tz)z} “Joint MGFs - Bivariate Normal Distribution”.
1 = 1

Substitute ¢ back in and simplify the expression. You will find it is (after lotsa algebra)

. l 2,2 1 P
Jo— eXp Mltl _I_ /Jgtg _I_ 20—ltl _I_ 202t2 _I_ pO’lﬂ'gtth
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