[8.4] The t, Fy and Beta Distributions.
Let’s introduce the “Student’s t distribution”. BIOMETRIKA.

—Named after William Gosset, Guiness Brewrey in Dublin, Ireland
~He could not publish under his own name (prob for competition)

~Why “Student”? Silly name isn’t it! THE PROBABLE ERROR OF A MEAN.
\\,h\ use it?’ \ By STUDENT.

X can be used to make inferences about i

But, X depends on o2, which is most likely not known.
~We'd like to substitute S* in for ¢, but what effect does it have on the dist. of X

Thm: If Z ~ N(0,1), and C ~ y*(v), and if Z 1L C, then

= __is referred to as Student’s ¢ Distribution
C  with v degrees of freedom, denoted by

L/

T ~ t(v)
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Proof: The joint density of Z and C is
fzie(2,¢) = L : 1 P i P L 1 B

.S /2 _ o
V21 220/ 2) Q%F(g)\/ﬂ €

VA [T
Make the transformation T = and W =C. Then (’ Wk Z=1 " :

C
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. oc
The Jacobian is: |J| = d” ‘;i g H
A ~
5

So the joint dist. of W. T is ' w
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Factor out all constants in the integral and you are left with:

=1

1 1 T
Ir(t) = = : 2 / w2 ledu
FTEVan \10+2))

L. -
™

. 1 P(%3*)
Which leaves the pdf of T as:

= ey

I(x2) ( {2 )—(”“)
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Thm: If T' ~ t(v), then for v > 2r, | Thm: If X}, X,,.... X, denotes a random

B I(r+3)I'(%—7) sample from N(u,0?), then
VrI'(5) ® -

BT = L8 e

1%

Ptk

~tn—1)

5 i

S

Sﬂedecorjs F Distribution v, = numerator degrees of freedom

vy = denominator degrees of freedom
Thm: If V] ~ f(yl) and V5 ~ XE(IJQ) are independent, then the random variable

Vl/yl /9 Vl
X = = ~ F(v1,12) is known as Snedecor’s F Distribution
VQ/L"Q " Vg

1] +irg

Its pdf is: [{Atea) (111)””’3 m ( ) 2
Ar) = ¥4 2=
ff‘ (I) 1-1(1121)1-1(;;2) L"’Q yg.l:'
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Thm: If X ~ F(1q,15), then
(BYT(3 + (% 1)

E(XT) 2 g e y V2 & 2T
r(3)r(g)
E(X) — 2 2 , Lo e 2
9 2( & "3 ;) Note: when vy < 2, then F' has NO MEAN!
Var(X) = — 2112 vy >4

N Lfl(b"g — 2)2(1«"2 — 4)
Note: when 15 < 4, then F' has NO VARIANCE!

And even stranger: when 2 < vy < 4, then

F' has a mean, but no variance!




Example: Let X, X,,..., X, and ¥7,Y5,...
from X; ~ N(p1,01) and Y; ~ N(ps, 03).

If vy =ny—1and vy, =ny — 1, then

v 852
1152 9.S3 = /11 §242
and s A ) .
F (1) 7 X “(1e) and a5, 532 F(v1,13)

,Y,, be independent random samples

Percentiles are provided in Table 7 (Appendix C)

1
If X ~ F(vy,15), then Y = X = F(va,11).
< [y, )] =7
PU/Y < fy(m,m)] = P|Y > o]

)
f”f(Tl’I’Z) Fion(va, 1) =
PlY € fi—y(2,14)], then —Y

The yth percentile, f.(v,14), is defined by P[X
oo = PlA & ol =

1
Sl =4=1=P|Y 2 ———| =Pl¥ <
catal ! f(ul,uz)] !

Since 1 — v =

f’Y(VlaVQ)
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The Beta Distribution

If X ~ F(1vq,14), then
__(/m)X v ~BETA(S, %)
1+ (L’l/l/g)X

The pdt is:
1 % ['(a+b) .4 b—1
Let b= 2 b 2 ) f(y? G"J ) F(@)F(b)y ( y) (091)(y)
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